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Heavy-ion collisions as laboratory 
to discover the QCD critical point

In this talk we’ll focus on the stage of hydrodynamic evolution and the eventual 
freeze-out into a gas of hadrons



Overview STAR Collaboration, 21

Non-monotonic 
deviation 


from baseline is 

suggestive of the 

presence of

a critical point!

Hydrodynamic fluctuations of 
QGP

Cumulants of particle 
multiplicities

Parotto et 
al., 18

Stephanov.,08
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This talk : Freeze-out of Gaussian 
fluctuations

Conservation laws
Finite time

Critical slowing down

Fluctuations as 
observables for the 
QCD critical point

⟨δNk⟩ = ⟨(N − ⟨N⟩)k⟩c



Dynamics of fluctuations near the critical point

Stochastic approach

There are both stochastic and deterministic approaches to describing critical fluctuations.

∂tψ̆ = − ∇ ⋅ (flux [ψ̆] + noise) (conservation)

⟨noise(x)noise(y)⟩ ∼ δ(4)(x − y) FDT
∂tψ = − ∇ ⋅ flux [ψ, G],

∂tG = relaxation [G − Geq; ψ]
Bluhm et al., 

2020

We use Hydro+ framework. We’ll demonstrate the freeze-out in one of the available Hydro+ simulation.

Rajagopal et al, 19, 
Du et al. 20

+ Only one equation 

-  Noise gets larger for smaller lattice 
spacing  

+ Deterministic equations

- Multiple equations to solve

Deterministic approach



 Hydro+

The fluctuations of  which relaxes parametrically as  is 
the slowest non-hydrodynamic mode

Dynamics governed by hydrodynamics + relaxation equations for the two 
point correlations of 

̂s ≡ s/n Γ ∼ ξ−3

̂s

Stephanov and Yin, 17 

Hydro+ is a deterministic approach to studying the dynamics of  fluctuations.

Taken from Xin An’s talk, QM 2019

Hydro breaks down when relaxation 
rate of the slowest non-hydro mode 

becomes comparable to the 
expansion rate



Hydro+ simulation

Azimuthally symmetric, boost invariant hydrodynamic background with radial 
expansion with fluctuations discussed in Rajagopal, Ridgway, Weller, Yin, 19
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Hydrodynamics + relaxation equation for the 
slowest non-hydrodynamic mode

This talk :

Stephanov & Yin, 2017

Back reaction of out-of-equilibrium fluctuations on the EoS 
neglected as they have been found to be less than sub-percent 

level in Rajagopal et al, 19, Du et al, 20



Evolution of fluctuations

Γ(Q) =
2D0ξ0

ξ3
K( |Qξ | ), K(x) ∼ x2 for x < < 1

u ⋅ ∂ϕQ = − Γ (Q) (ϕQ − ϕ̄Q)
ϕQ = ∫Δx

e−i Q⋅Δx ⟨δ ̂s(x+) δ ̂s(x−)⟩

(2204.00639)

The slowest and the most singular mode 
near the critical point corresponds to 
fluctuations of 


The relaxation rate  

Equilibrium fluctuations 

̂s ≡
s
n
Γ ∼ ξ−3

∝ Cp ∼ ξ20.120.170.220.270.32
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Zero mode doesn’t evolve

Stephanov & Yin, 2017



Demonstrating critical slowing 
down

Lower Q modes are suppressed strongly due to conservation and relax more slowly

Normalized

out-of-equilibrium


fl

for two Q modes


and two relaxation 

rates
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Critical correlations in space

Conservation

∫ dΔx Δx2 ϕ̃(Δx) = ϕ0

We consider two isothermal freeze-out scenarios: T=140 MeV and T=156 MeV

Out-of equilibrium 
fluctuations 

“remember” their 
past, so the 

difference between 
the two freeze-out 
scenarios is not too 

large

(2204.00639)
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Traditional Cooper-Frye freeze-out 
procedure

<latexit sha1_base64="8jmBL90XFJX7qqUgKrS28ngIYzs=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1INI1YvHCvYDmhA22027dLMJu5NCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpgKrsFxvq3Syura+kZ5s7K1vbO7Z+8ftHSSKcqaNBGJ6oREM8ElawIHwTqpYiQOBWuHw/up3x4xpXkin2CcMj8mfckjTgkYKbBtT7AIrqPg1lO8P4CbwK46NWcGvEzcglRRgUZgf3m9hGYxk0AF0brrOin4OVHAqWCTipdplhI6JH3WNVSSmGk/n10+wSdG6eEoUaYk4Jn6eyInsdbjODSdMYGBXvSm4n9eN4Poys+5TDNgks4XRZnAkOBpDLjHFaMgxoYQqri5FdMBUYSCCatiQnAXX14mrbOae1FzHs+r9bsijjI6QsfoFLnoEtXRA2qgJqJohJ7RK3qzcuvFerc+5q0lq5g5RH9gff4AG5aTUQ==</latexit>

hfAi ⟨NA⟩ = ∫ dSμ ∫ Dp pμ ⟨fA(x, p)⟩

Does not describe fluctuations 
Cooper and Frye, 74 

Matches the averages of conserved densities before 
(hydrodynamic ) and after (hadron resonance gas) freeze_out



Critical fluctuations in hadron resonance gas
We incorporate the effects of critical fluctuations via the modification of particle masses due to 
their interaction with a critical sigma field
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⟨σ(x+)σ(x−)⟩ ≈ Z−1 ⟨δ ̂s(x+)δ ̂s(x−)⟩

We match the two point 
function of  to the two 

point function of the Hydro+ 
mode, 

σ

̂s ≡ s/n

⟨δN2
A⟩σ

= g2
A Z−1 ∫ dSμ Jμ

A(x+) ∫ dSν Jν
A(x−) ⟨δ ̂s(x+)δ ̂s(x−)⟩

(2204.00639)
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Effect of conservation laws on particle 
(anti)correlations at freeze-out
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Critical contribution to 
variance of proton multiplicities
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The fluctuations are reduced relative to equilibrium value (due to conservation laws)

The fluctuations are found to increase with  (faster diffusion)

Compared to the equilibrium scenario, the fluctuations are less sensitive to freeze-out temperature

D0
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ωp ≡
⟨δN2

p⟩σ

⟨Np⟩

ω̃p ≡
ωp

ωnc
p

critical point



Summary 
We have generalized the Cooper-Frye freeze-out procedure so that not only the averages, but also 
the critical fluctuations of the conserved densities are matched on the freeze-out hypersurface


We have demonstrated the freeze-out in a semi-realistic scenario and estimated the dynamical 
effects for the critical contribution to the Gaussian cumulants of proton multiplicity


The fluctuations are less sensitive to the freeze-out temperature in an out-of-equilibrium scenario 
unlike in an equilibrium case



Outlook
The freeze-out procedure developed here can already be integrated into the full 
numerical simulation of heavy ion collisions relevant for BES program


Freeze-out of higher point fluctuations needs to be implemented and analyzed


The procedure can be improved by adding less singular contributions and modes which are 
not critical


Thank you!



Ratio of observables

ωnc
A

is the non-critical estimate 
obtained by assuming ξmax = ξ0

ω̃A ≡
ωA

ωnc
A

ω̃eq
A =

ξ2(Tf)
ξ2

0

The normalized fluctuation measure  is independent of gA,  Z and largely insensitive to acceptance cutsω̃A

ωA ≡
⟨δN2

A⟩σ

⟨NA⟩
critical point


