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Why these lectures?

In particle physics, QCD is everywhere. The LHC collides protons, which are made up of quarks and
gluons (partons). So every collision there involves partons in the initial state, and produces hadrons in
the final state

To see anything new, beyond the Standard Model, we must be able to “remove the QCD foreground”

But QCD is very interesting by itself. How can such complicated final states in colliders arise out of
beautifully simple Lagrangian

1

ZTT[GQ] — (D —m)y

QCD is the only unbroken, non-abelian gauge theory we have, and we better study it as best as we
can.

| focus on ideas and methods, less on the latest results



Theme of these lectures: precision!

We are in an era where new discoveries in particle physics must be found “behind the
decimal point’

Our mission: stress-test the Standard Model, especially QCD

With perturbation theory

O=co+g°ci+g*co+...

Successful in the past:



Discovering new worlds through precision

Careful measurements of Uranus’ [Herschel, 1781] orbit showed deviations from the Standard Model of
planetary orbits: Kepler's laws

Adams and Le Verrier [1843]: discrepancies could be explained by presence of new planet. They also
prediction its position

Neptune discovery in 1846 [Galle]



Precision, accuracy, error and uncertainty

+ Abit of terminology: for predictions for observable O

o =% ¢ra™ + 60

n

Precision: compute to order “m”, large enough for 60'™! to be small enough

But beware: it can a be small variation on an incorrect result. It is then precise, but not
accurate

Errors: a measure of accuracy

v experimental: statistical and systematical

Uncertainty: indicates range in which true value could lie

+ Confront prediction with measurement, all the more meaningful with small s0™, and
update hypotheses

+ This is what we should be doing: a highly sophisticated instance of The Scientific Method



(CD Genesis

The strong force at the beginning of the 1960’s was not well understood.

Lots of mesons found and baryons as well

mpe Kn K,wo,..,p N0 A Z = (‘cascade’), Q, A, ..

Organized by Gell-Mann and Zweig with SU(3) of flavour (“eightfold way”), using “quarks”
v p(uud), A (uds), A** (uuu), A*(uud), A%(udd), A-(ddd), etc

To maintain of Pauli principle, and to explain absence of degenerate states:
I. Quarks have 3 colours. II Bound states are singlets of this symmetry

This led to a Lagrangian like QED, but now for quarks and gluons

1 g
Laop = — 7 TG GH) — > (D +myp )y
f=1



Seeing quarks

+ Inthe late sixties, early seventies, deep-inelastic scattering experiments (SLAC-MIT) were done.

+ Relation of cross section to “inelastic form factors™ of proton F+, Fa, Fs: A
dQO' ’7_87TOZQME 1_|_(1_y)2 , k - /
(da:dy) - (Q?)2 { 9 20 FY (x, Q%) q
M
+(1 - y)[F5 (2, Q) — 20F) (&, Q%)) — sy Fy (a, Qz)} P, M—> % W

+ Qutcome: F2 can depend on x and Q2, but seemed to only depend on x

“Scaling’

+ 6° 0 18°
osr X 10* a 26*

04

of b g p
YWy l

0.2

o1 k- x 025

@’ GeV/c*



Parton model

Feynman, Paschos

+ Solution: the Parton model, wonderfully elegant idea,
still at the basis of our predictions for the LHC. An

electron hits a proton at high energy ‘\Q2
1
+  From the electron point of view, two relativistic effects —
occur lQ
The proton is length contracted, looks like a disk / /\
[
The internal proton dynamics is slowed down, due to P | =t
time dilation P .
1
Assume interactions beween constituent “partons” are \

absent (rather wild assumption at the time)



Parton model

Feynman, Paschos

+ How does the parton model explain scaling?
First, the collision takes place between the electron and a constituent (parton) of the proton
The parton has a fraction of the proton energy and momentum ,» _ ¢ P

v Assume it is a spin-1/2 fermion

Some kinematics related to electon-parton r 4_{

2
O =10 ===10F, 0= % (§P1-|-Q) — 2P, - Q+ Q° 52—21%1-@
Bjorken-x has therefore the meaning of parton momentum fraction. Electon-parton scattering
can now be computed, and gives

X

(da )’Y 8ta’ME ,(1—1y)*+1
D s

+  Introduce now the parton distribution function (PDF) ¢,
allowed momentum fractions ¢

do \v 8ma’!ME (1-y)?+1
(dxdy) - (2}2) Zq@ “Pifp(%)

(&), and integrate over all

Scaling!



Scaling violation

But in better measurements: no scaling anymore
But “violation” very mild.

=> Parton model is the right way to think about
collisions with hadrons

“Easy” generalisation to hadron-hadron collision

Predictive power! Use PDF’s measured
in DIS for hadronic collisions.

But there is fundamental paradox:
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Towards a solution of the paradox

0.5 ¢
To solve this paradox, the coupling would have to o) g
behave like this y L6 oo
 > 0.4 OQ{ -(C?) 0
- Atlow Q coupling is strong N\ £ R
N EN) S s 2
For increasing Q, the coupling G NS ST g B T 4 O
decreases Loy e O S
7 o a /r § = §-
But: how does a coupling become Q dependent 0.2 |- ' =
in the first place. In the Lagrangian it is just a : L
number. “g”? B ""::::~|~-'.I.::;;:::.[:.'..::::::::_:.:_- .......
0.1 j -------------------------
To understand we need to consider the effect of - BSOS SO00S
renormalization :
0 | | TR R W | | TR IR B I B
. . 1 10 100
Only non-abelian gauge theory behaves this way! Q/[GeV]

Nobelprize 2004: Gross, Wilczek,
Politzer



Loops and regularization

Quantum effects lead to a scale-dependent coupling, through renormalization.

Computing any Green function at higher orders in a coupling leads to loops.

Some loop integrals are divergent, and need to be regularized before being able to “handle” them

1 4 0 3 o0
[an e R e
12 —m?][(I +p)? — m?] (1%)? 4 l

One can put a cut-off on the | integral, but everyone uses dimensional regularization: 4— 4-2¢

) [1+2¢ - Ve

Very elegant. So loop integral results are divergent. How to get rid of this? Renormalize!

1%



Renormalization

+ We focus on the key point. Rewrite the coupling as
e=Z, (é eR(u)> er (1)

1
Z. =1+ () (415 +21°) + O(eh)

+ S0 beside the loop integrals, there is now a second source of 1/¢: the renormalization of the coupling e in
the tree-level graph, through Z

Choose now the number z'.! such that the 1/¢ from the loop is cancelled.
Is this not ridiculous? | could cancel any 1/¢ divergence in that way...!

BUT: the magic of renormalizable theories is that fixing z'.1 in this way, will fix this type of 1/¢ divergence in any
other one-loop diagram in this theory.

One can renormalize a finite number of quantities: couplings, fields and masses. Fix the Z-factors in a few
calculations, which then will cancel the 1/¢ everywhere else

+ Observe that on the right hand side a scale y appears, in both Z-factor and renormalized coupling er. The
product does not depend on it. This is the renormalization scale. Sketchwise:

(1—1—6%11&(%) +0(e;§)) X <1+e§gln(%) +O(e§é)> = 1+6%1n(%) + O(eR)

13



()CD Beta-function

+ In analogy to er, now for as = g2/4tm

=T (é,as,R(u)) as R(1)

Ozsz(,LL) (110A o anl

=5
2 47 3 g

+ ca) + O(as g)

+ We derive from this

d d 1 Ka(()és R(U)
I s = 1 Za s - :
,ud I & ,R(,u) ,ud 1 (8 (87 ,R(,LL)> . ( )

+ The QCD beta function is known to 5th order by now. Keep only the first term

BO 2
27 Ys

d ag(,u) 1].CA i 2nf

An increase in | leads to decrease in a (due to minus sign)

Solution

4/ Bo
as(p) = 5
In ( ¢ )

2
AQC’D

hissolvesithe paradox!

14




Modern determinations of o

+ dscan pe determined from compqring a perturbative I e
expression for an observable with its measurement oo 2015 lila &
PDG 2020 I—Q-li—l low Q
+ Particle Data Group collects these, performs subfield e vone | e a3 O_ """"
ese k B i Q
averages, and then world average e ke . bound
_ i : states
Narison 2018 (bb) I—+—I
WA: as(Mz)= 0.1179 +- 0.0009 [ BNEE DEEEEREERRNE
JR14 -4
+ Criteria g R I"i"_' PDF fits
CT18 I >+
_ MSHT20 o
Result must be published PO B . NERa N
(j&s) ] : @ |
OPAL (.j&s) B : . i
At least NNLO calculation Diseerton (39| | . D
JADE (3j) I v i jets
. . . Verbytskyi (2)) e &
Reliable uncertainty estimates Kardos (EEC) i shapes
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HERA (jets) |—--.I__|
facot0 | e | | attice ||
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(QCD parameter measurement

+ ogis a parameter in the QCD Lagrangian, just like quark masses. Should we know them
precisely?

+ For ag almost always necessary for precision of observables

E.g. for et+te—> hadrons the lowest order is EM, first order term is
proportional to ag, so making dag very small does not matter too much

For pp -> ttjj the lowest order is of order g, so the uncertainty easily reaching
5-10% from g alone.

+ For quark masses the same holds true

For high-energy jet production the bottom mass occurs mostly in logarithms,
so mild dependence on ém,,

v For the universe’s sake, we should know the top quark mass very, very
precisely..



QCD gauge/local symmetry

Before diving into perturbative QCD, a few formal aspects of this non-abelian gauge theory.

We would like to build a theory that is invariant under local SU(3) transformations. SU(3) is a non-abelian
group (elements don't commute).

We take a fermion field that has 3 components, that transforms as

Pi(z) \' 1 ()
P(z) = ( o) ) = U(z)p(z) = ( Ulz) ) ( o () )
s () Y3 (x)

The three components are also called R,B,G sometimes.

This is a “covariant transformation”. We also have D =9UN(2) =9 U (2)

Problem: derivative of fermion field does not transform covariantly.

Opp(z) = U(2)Oup(z) + (9,U (2))y

Solution: introduce better, covariant derivative Dy, that does transform nicely, so that...

1177



4

4

+

QCD gauge/local symmetry

.we have
P VD =Py U™ (@)U (z) Dyt

~"~

=]

To construct the covariant derivative, introduce the gauge field (any many as there are SU(3) generators)

aﬂ
Dy(z) = (( Iy - )QAZ @ )w(x)
H 3 X3 matrices

: . , = (0, — gAy)(z)
Notice there are now quark-gluon interactions!

Uy Duth = 8, — gp v [ Taligih; A,
The field strength is also derived from covariant derivative

[D/M Du] Y = —QGW%D > —QGZ,,Ta%D
Gr, = 0,47 — 0 A% — gfy L ALAS
Full invariant Lagrangian

Loop = $Tr[Gu G| = > " thelPby — mptsihy
f

18



Oé,i ﬁa]

1, a

km My kb’ v, b

Feynman rules are direct link to the full quantum field theory

(QCD Feynman Rules

1

0ij (—1pp +m)agp

i(2m)4

p2_|_m2

1(27‘-)454(]91 N q)(_g)[Ta]’LJ (Vu)aﬁ

1(27T)4<_i9)fabc [nw/(ka 3 kb)p ik nup(kb o kc),u -+ npu(kc »

19
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(QCD and UV divergences

+ When computing loop integrals, and UV divergences result from them, not all of them can be cancelled by
renormalization of just the QCD coupling

(- G,as,fe(u)) as k(1)

g R(,u) 110/1 - an 1 2
=l ’ e 7 O
s 47 ( 3 £ T R (aS’R)

+ Infact, in general, all the fields, couplings and parameters get their Z-factors.

VR e 7 Al o e T Gt [T it e 7T

O A i e i L ) B e e

+ As a consequence many more sources of 1/¢, enough to cancel all?

20



Renormalizability of QCD

In fact, with these Z-factors, every UV divergence in any one-loop QCD amplitude is cancelled.
But if it goes wrong at higher orders, all is for naught..

This was a key worry in the early 70’s. Renormalizability of QED was known, and of numerous scalar,
Yukawa and other field theories. Non-abelian gauge seemed too hard.

This was the problem that Gerard 't Hooft tackled as a PhD student, together with his advisor Martinus
Veltman [after a summer school!]

The solution was presented by 't Hooft at a EPS meeting in Amsterdam in 1971, leaving most participants
stunned. He and Veltman proved that no new Z-factors are needed to any order. One just needs to
determine them to higher order -> Nobel prize 1999

They used lots of diagrammatic clever techniques. Afterwards a more efficient proof used “BRST
symmetry”

Only then was QCD, and in fact the Standard Model, taken more seriously, now that it was a legitimate theory.

Perturbative QCD however struggles mostly with infrared divergences...

21



(OCD for LHC in practice, simplified

Masses

PDF’s

Cross sections

e

Distributions

\ Events

CKM

22



How to use QCD in practice, less simplified

Global NLO DIS
Analysis theory

e+e- data
\ NLO PDF's
NLO e+e- )( NLO as >
theory
NLO LHC
calculation

Data more precise than theory \

DIS data

23
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4

4

PDFs

Partonic processes

Parton showers

Hadronization

(QCD cross section in a picture

24




LO and higher orders

/ e
LO 5'(0) Calculate all this
et in D=4-2¢€ dimensions
q
(GO0 ’b\{
NLO o W >wM< /\A/\/\/<

I Ioop | extra parton

NNLO ;2 W

N, s, pens?’

2 loop | loop + 2 extra partons
| extra parton

25



Professional formula for QCD cross sections

—

do.pp—>X

dgp 1 - d?)pn

— dxldaj2¢a/p xla:uF)¢b/p(x2muF)
a,b

A2
XUab(pa-l-pb %PX,OAS(/LR) MR,MF +C’)

A ¢/h

Renormalization and Factorization scale

This formula is chain of ingredients, each must be determined very precisely!

26



Parton distribution functions: why and how

+  Crucial at hadron colliders, must be known very accurately. But they cannot be computed from first
principles.

+ Answer: use their universality:

We need to determine 11 PDF (5 quarks + antiquarks + gluon), and their uncertainties

Choose with care a set of measurements/observables [e.g. DIS structure functions, or hadron collider cross
sections] Each is described as a PDF ® partonic cross sections. We then have the set of equations
ngy
(GG RN Vi oG
j=1

From the comparison one fits the @yp(x,u).

v Various groups, employing different approaches
MSTW, CTEQ, NNPDF, GJR, HERAPDF, ABKM...

If the partonic calculation is LO, NLO, NNLO etc, then the PDF thus fitted are also labelled LO, NLO etc.
v NLO PDF’s must be used with NLO calculations, etc

27



PDF’s as operator matrix elements

+ Although they cannot yet be fully computed from first principles, one can give a precise definition of
PDF’s, in terms of operators. Essentially, these are counting operators (cf afa in QM)

1 g — _itptuy— - s
Pq/p(€) = 4 / dy~e PV (p|g(0,y~,07)y"4(0,0,07)|p) e
= t t %
Broton state Sauark field p-q= _p+q— B p—q+ 1 p1qL 4 Pago
In a certain gauge. The non-perturbative part sits in the hadronic state in which this counting operator is
inserted.

Benefit: once you have an operator, one can compute its renormalization, and derive an RG equation for it (just
like for the coupling constant). This is in fact the DGLAP equation

v There are other ways of deriving it.

To do so, just replace the proton states with quark states (and keep the operator). At lowest order this is just
(1 —&)

quark-to-quark

At next order it has the form a (1 L% 52) / splitting function!
2 e\ 1-¢

_|_

Plus distribution:;




Parton distribution tfunctions

+ The logic is thus very similar to running coupling, we now have “running functions”:
d L d
M@@/H(%M) = /:C ?Zpij(zaoés(/i)) Gj/H (gu) =P, ® ¢/ (z,p)
DGLAP equations

P;j are the splitting functions. They are now known to NNLO (3rd order) [Moch, Vermaseren, Vogt]

Use determine the PDF’s at some scale Q, then compute them at all other scales by solving the DGLAP
equations.

+ Note: to determine the PDF’s precisely from the equation

Ly
(0, £ AO,,)*P = Z bi/p @ [6n,5 £ dop ;]

g

+ one must choose the data on the lhs well.

29



Form of PDF’s

1.2 T T T ITIrT LR | LR | T T T TTTr1r

Q?2=10 GeV?

1.0

0.2

0.0 1 L1 11111 1 L1 11111 1 111 1111
104 1o 102 107" 1

1'2 T T T gTTT

1.0

02

0.0 111

QR=10%GeV2 |

104

1073 1072

Notice how evolving the sets to high scale narrows the uncertainty.

and how all PDF’s grow towards small x: driven by the gluon density in the evolution

107"

MSTWOS8 at two
values of Q2

Only u and d still show some bumps: a memory of them being partly valence quarks

30



PDF input data

See e.g. Forte, Watt ‘13

+ What data to choose as inputs to fit to?
- Those that single out particular parton distributions

v DIS structure functions most sensitive to valence (u- etc) quarks. Prompt photon production sensitive to

gluon density etc.

- Those that provide extra information in certain x ranges (e.g. jet production gives large-x gluon information)

Process Subprocess Partons X range %

p.n) > X v — g 7,48 x 20.01 \ >
En/p — X v¥d/u — d/u d/u i = (OO i

pp—> utu X uit, dd — y* q 0.015 <« <0.35 —
pn/pp —> ntum X (ud)/(ui) — y* d /il 0.015 <« <0.35

vW)N — u (uh) X W+*qg — q' q,q 0.01 <x<0.5

vN - u ut X WH*s — ¢ s 0.01 <x<0.2 M/’/L_’_(
PN - utu— X W*s — ¢ § 0.01 <x <0.2 |
et p > et X Vv g = g 2.4.7 0.0001 < x <0.1 / ﬁ )
et p—>vX Wd, s} — {u,c) ey x 2 0.01

efp —>etec X y*c = ¢, y*g —> c¢ ¢, g 0.0001 < x <0.01

etp —jet+ X v g — qq g 0.01 <« <0.1 S—
pp—jet+ X 29,499,499 — 2J g, q 0.01 <x<0.5 I

pp—> WE =) X ud — W, iad — W u,d,i,d i = s

pp—>(Z—> 07X uu, dd — 7 d e SRR



Theory of PDF set formation

Some theoretical constraints: sum rules

Charge sum rule: fol di (D5 (Ts Q?%) — b7 /p(, RN IO S i =l Gl e el

Momentum sum rule:  Yicqguds....; Jo 42T disp(z,Q%) =1

In principle, must solve 7x7 matrix evolution equation. But one can cleverly arrange this to have five
iIndependent equations, and one 2x2 equation.

Subtle issue: how to think about charm and bottom PDF’s? In principle they can be computed from the gluon
and light flavor PDF’s. Also here different approaches, but won'’t go into details.

Fitting: not easy. Use x2 as goodness-offit [Dj = data, Ti = theory, VV=exp. covariance matrix]

5 Ndata Ndata 1
X* = Zl Zl (Di = T3)(V™ )i (D5 — Tj)
1= J]—

We need a probability measure on the space of functions (in principle «-dimensional). To make things
tractable, groups choose some parametrization for initial PDF. Many choose a physically motivated form
with a limited set of parameters N - T 8,

¢i(z,Qg) = 2% (1 — z)”g;(z)

Can also choose a (very redundant) set of unbiased functions, with hundreds of parameters. But then
minimization difficult.

50



PDF uncertainties

Two approaches to establish probability measure: 1) Hessian 2) Monte Carlo

Hessian: 1-0 confidence interval by moving parameters that make up ¥2 to X2min+T. Note that “tolerance” T=1 is
theoretically correct, but problematic in practice

v Advantage: compact representation of uncertainties.

v Product: Sp central set, and then Npar 1-0 error S; sets.

Monte Carlo: create a large number of replica sets

v E.g. by constructing data replica’s with the right average and covariance
v Fit then PDF sets Sk to data replicas.

v Now best fit is MC mean over sets Sk., also 1-0 straightforward

Both methods agree overall reasonably well. So far uncertainties based only on experimental ones.

A comparison of some modern NNLO sets:
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Recent comparison of NNLO sets

PDF4LHC21

Recent combination of various
sets

NNPDF3.1°

NNPDG set used in
PDF4LHC21

NNPDF4.0

Latest NNPDF set, not included
In combination.

More data included,
methodology improvements,
positivity constraint

Ratio to PDF4LHC21

Ratio to PDF4LHC21

1.15 4

1.10 -

1.05

1.00 -

0.95 +

0.90

0.85

1.15 -

1.10 -

1.05 -

1.00 -

0.95 +

0.90

g at 100 GeV

[Z—1 PDF4LHC21 (68% c.l.)
1 NNPDF3.1' (68% c.l.)
1 NNPDF4.0 (68% c.l.)

0.85 +

1074

1073

1072 1071 100
X

d at 100 GeV

7 PDF4LHC21 (68% c.l.)
[~ NNPDF3.1' (68% c.l.)
= NNPDF4.0 (68% c.l.)

1074

1073

1072 1071 100
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Ratio to PDF4LHC21

Ratio to PDF4LHC21

1.154

1.10

1.05 1

1.00 -

0.95 1

0.90 ~

0.85 +rm

1.15 1

1.10 1

1.05

1.00 -

0.95 ~

0.90

0.85

u at 100 GeV
21 PDF4LHC21 (68% c.l.)
[~ 1 NNPDF3.1' (68% c.l.)
1 NNPDF4.0 (68% c.l.)
1074 1073 1072 101 109
X
d at 100 GeV
71 PDF4LHC21 (68% c.l.)
[~ NNPDF3.1' (68% c.l.)
== NNPDF4.0 (68% c.l.)
1074 1073 1072 1071 109



Where are we?

+| PDFs

+ Partonic processes

+ | Parton showers

35



Parton showers: elementary Monte Carlo

+ Consider a process in which branchings take place (radioactive decays, or parton showers).

f(t): chance of branching for time t. Then probability for branching at time t

A(t): probability that no branching has occurred until t. [*Sudakov form factor’]

P = s0en |- [ : it 5(6)

Prototype for parton shower!

+ How to choose t values based on random numbers such that the likelihood of selecting a t value is given
by this expression?

+ \eto-algorithm!

36



Standard Veto Algorithm

+ Example
f(t) =t, F(x)=(2x)¥2, g(t) = t+1 larger than f(t), G the primitive of g
Algorithm
1. start with i=0, to=0
2. i+t then select tiaccording to t = G ( G(ti1)-In R ), ti > ti-1.
3. compare a new R with f(t)/g(t). If f(t)/g(t) < R, return to 2
4. otherwise accept t.

Result: nice agreement between analytical and veto-algorithm resuilt.

Relative occurence




Parton branchings

Set up as iterative Markov process

An approximate description of full matrix elements Y
when radiation is mostly collinear and soft LE
{ =l t_t' o)
i AT T B\
based on factorization of matrix element t'(1-2z)E
and phase

Sudakov form factor: probability of no emission
between two emissions (related to virtual graphs)

hodt d
A;(t1,tr) = exp —2/ : S /dz ; (2 (p

In contrast to NLO, NNLO calculations, with parton showers the
number of partons per event is not fixed. But it is still a unitary process

=
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+

Accuracy of parton showers and matching

Very flexible, simulation, all 4-vectors of all final state particles available.

But, at a price: only Leading Logarithmic (LL) accuracy

Recent progress in improving the intrinsic accuracy of the PS to next-to-leading logarithmic (NLL),

Matching to fixed order calculations a bit tricky at NLO etc

NLO has one extra parton

The shower can also provide extra partons. Don’t double count!

But combined NLO + PS is best of both worlds. E.g. top quark pair production

o/bin (pk)

._
<

-
c
©

-
L]
|

—
o
|

o~

1073 L—

103
—

T
e

=Dy, Py

et e,

>20 CeV

™ J-'P Dashed: Herwig
; Dotted: NLD

|T(t)|. lymklr‘fl ey
[ £ Solid: NCBNLC ]

n 1
1 AR |
RO 100C 1500 2000
| Rew |
1 r4 .
loga(F5 /GeY)

52

PanScales group



