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Introduction

Introduction

The nucleon-sigma-terms are of \

L . \ X
significant interest for dark-matter |
searches, as they determine the /
coupling of several dark matter /H

candidates to hadronic matter. /

The nucleon sigma terms are defined
as

Oxn = Myug(N | Gu+dd | N)
2ms(N | 3s | N)

OnN

Via the Feynmann-Hellman-Theorem they can be expressed as

My IMy
OrN = mudaT and ossy = 2mudaT
ud ud

Lukas Varnhorst Nucleon Sigma Terms from Lattice QCD 3 von 23



Lattice QCD

Lattice QCD

Lattice QCD regularizes QCD by replacing continuous space-time by a
discrete lattice with lattice spacing a. Using a finite volume one can
reduce the infinite number of degrees of freedom to a finite (but huge)
number.

The fermionic degrees of freedom
1 (n) and v(n) are defined only on
the points of the lattice.

The gauge fields are defined as links
U,.(n) between the lattice points to
exactly fulfill gauge invariance.

o (n+ 1)
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Lattice QCD

Lattice QCD

The task is to calculate the path integral
1
(A)=3 /DUA det M[U] exp (—S,[U])

To achieve this one has to uses monte-carlo techniques. More specifically
one sets up a Markov-Chain with equilibrium distribution
det M[U] exp (—Sg[U]). Using this Markov-process one can write

(A) = %ZA[U;]JrO( 2TN+1>
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Lattice QCD

Lattice QCD

To make a lattice result exact one has to
extrapolate it to zero lattice spacing. S

We use a tree-level improved Symmanzik gauge
action and a tree-level improved clover Wilson
fermion action with Nr =1+ 1+ 1+ 1 and three
levels of HEX smearing. !

This lattice action is supposed to have cut-off
effects of order asa. Often a? effects are dominant.

We used simulations at 4 different lattice spacing
and extrapolated results to the continuum. This

extrapolation has been performed both with asa

and a® to estimate the systematic uncertainty.
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Lattice QCD

Extracting hadron masses

Suppose O and O are operators which create and annihilate a hadron H.
The the correlation function between the two operators behaves as:

C(t) = (0(£)0(0)) = > (0| O | k)(k | OF | 0)e~

k

12
. o
We can define a %,
effective mass via s Pooooooooosgeseoate? q]{] Q
o.al:l—v L
m (t+1) In C(t) _F 1
eff =)= 7 -\ & 06— VYYYYYVYYVYYYYy yyV ol P
2 C(t+1) t YT
0.4_—'.
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Fitting the proton mass

Extracting hadron masses

Even better: Fit correlation functions with

Acosh(—m(t — N;/2)) for mesons

C(t) = .
(t) Asinh(—m(t — N;/2)) for baryons
1:
0.9; "'[
0sf
The question is: From which tq,;, on otk
should the fit start? osE
We have many ensembles: We can 05;
make a Kolmogorov-Smirnov-Test to (& T S_ijzz :m' p_Z:Z
C — s=1. 'm, p=0.
check wether the x? values are osh P
. . - — s=1.200 fm, p=0.648
properly distributed.
0.2 ~—— s=1.300 fm, p=1.000
OAli — s=1.400 fm, p=1.000
o o SEAPOOTM, PEO980
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Fitting the proton mass

The landscape
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Fitting the proton mass

Parameterizing the nucleon mass

We expect the nucleon mass to depend on the following quantities:
i. The lattice spacing a.
ii. The average light quark mass m,qy o< M2.
iii. The strange quark mass ms o< Mss = 3(M2, + MZ. — M2).
iv. The isospin splitting Mf(l, — /\/7,2(+
v. The finite-volume via
M(L) M,

o =144/ e Mt =14 F(L
e e + F(L)

To leading order the nucleon mass can be fitted with the ansatz

Ss

+c3(Mis — Migo) + aC(B)) (1+ osF(L))

My = (Co +a(M? — /\/l,2,’(¢)) + (M2 — Mz’((b))-i-
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Fitting the proton mass

Parameterizing the nucleon mass

To leading order the nucleon mass can be fitted with the ansatz

My = (co+ (M2 = M) 4 (M2 — ME)+

Sss

Tea(ME — M)+ aC(8)) (1+ asF(L))

to estimate systematic uncertainties we want to vary the fit function:
i. Continuum extrapolation may show an C(3) = a?(f3) or an
C(B) = as(B)a(B) behavior.
ii. The next-to-leading term in M2 can be assumed to be M# (Taylor)
or M2 (xPT).
. Finite volume effects can be parametrized via F(L) = 1/%6""’"" or
via F(L) = e MrL

iv. There might be higher order contribution in the Ms; and Mz, — MZ.
direction.
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Fitting the proton mass

Parameterizing the nucleon mass

To leading order the nucleon mass can be fitted with the ansatz

Ss

+cs(Mgs — Mio) + caC(B)) (1 + csF(L))

b = (c0+ (M2 — M2®) + (M, — ME))+

Our strategy is as follows:

Whenever there are two or more obvious choices one perform the entire
analysis with each of the choices.

If there is only one obvious choice, then we add the corresponding term
T in different ways:

My — My + cT
My — MN(1—|—CT)
MN — MN/(l—CT)

The same techniques where also used for the scale setting.
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Fitting the proton mass

Parameterizing the nucleon mass

preliminary
C[oB=32
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Fitting the proton mass

Parameterizing the nucleon mass

preliminary
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Fitting the proton mass

Towards the sigma term |

Using leading order xPT one may extract the sigma terms via

oMy, OMy
8mud - ”8M3T
My . 5 OMy

~

OMyq s 8M§25

OxN = Myd

OssN = 2Myq

To make the analysis exact one has to determine the following matrix:

myg 6M72r myd 3M§2s

J _ Mg\, Bmzud ms Mgzs 8m2Ud ms
ms BMW ms 6M§s
M2 dmg MTES Oms

Mud

It is easier to determine the inverse matrix via

Bm,-(Mfr, Mgs)

-1y, _
(J )'J aMJ2

Mg
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Fitting the quark masses

The quark masses

What is left is to determine the quark masses as function of the meson
masses.

Quark masses are much more difficult then hadron masses. On the lattice
quark masses can be defined in several ways:

i. The VWI quark masses The bare quark masses of the Wilson quark
action are subject to additive renormalization:
am"V = amP — am°

From this quantity one can construct the VWI quark mass:
vwi I w 1 w1 2
mY = A Ebsamj — bsatr M + O(a“)

= —-—m
J ZS J

Where Zs is the renormalization factor of the scalar current.
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Fitting the quark masses

The quark masses

ii. The AWI quark masses Form the axial ward identity one can define
so called PCAC quark masses:

(OuAL") s = (mj + mi) (PU)

From these one can define the AWI quark masses:

7 - -
mM = Z_:"mj?CAC (1+ (ba — bp)am!¥ + (ba — bp)atr M + O(a?))

The AWI quark masses renormalized only multiplicatively with Z,
and Zp are the renormalization factors of the axial and the
pseudoscalar current.

Both definitions can be combined to the ratio-difference quark mass m'
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Fitting the quark masses

Fitting quark masses

The quark masses extracted via the ratio difference method still
renormalizes multiplicatively. However in quantities of the form

myd 8M72r
M72r Bmud me

, etc.

the renormalization factors cancel out. It is therefore enough to
determine the ratio

A rd rd
R, = mq — mq
q ~ rd, (D) rd,(®)
mgq mq

where ﬁvgd is the renormalized quark mass. From this one can get

- al:‘>l(/\/,‘;21-7 M§25)
U= =
J ME
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Fitting the quark masses

Fitting quark masses

One can now make an expansion of the quark mass around the physical
point much like for the nucleon mass.

m'd 1
Ry =—3 g = (e 1+Cl(M MQ( ))
my A )(ﬂ) my o )(ﬂ) (

(M, = ME®) + (M. — ME)) (1+ (L))

The value of the unrenormalized quark mass at the physical point at a
given lattice spacing is now an additional beta depended fit parameter

mi ) (5).

Lukas Varnhorst Nucleon Sigma Terms from Lattice QCD 18 von 23



Fitting the quark masses

Fitting quark masses

The contributions of higher order terms are estimated using the following
considerations

i. The next-to-leading term in M, can be assumed to be either taken
from a Taylor expanion or from xPT.
ii. Finite volume effects can be parametrized via F(L) = /e =ML or
via F(L) = e MrL
iii. There might by higher order contribution in the Mz and Mf(o — Mf(Jr
direction.
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Fitting the quark masses

Towards the sigma term Il

preliminary

From thees fits we can deduce the entries of J (errors purely statistical):

d rdh
(m;/M2 YoM /o mY)

K.red. K.red.
(M?IMA@ M0 mY)
mMm2 @M 19 me)

ud Kired: Kired.

("M@ M0 i)

Now we can construct the sigma terms:

myd 8/\/’72‘_ 26MN myq 6/\/’525 2 aMN

0'7_( = _— =
M2 Omug |, TOMZ T M2 Omug |, OME,
ms 8/\/77% 28/\/]/\/ ms 8/\/]525 2 8MN

Ss 2
myqg 0 M_'ss

/2= S T Ny s
ossn/ M2 m, |, T OMZ " M Om,
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Results

Uncertaintys

To estimate the systematic uncertainties we cary out a set of analyses,
each of which is valid. We varied:

@ The details of the fit functions as described above
o We applied three different pion mass cuts.

o We performed the scale setting using the £2-mass and the nucleon
mass itself.

Altogether we have 864 different analyses. We make a histogram of thees
analyses and determine the spread.

For the statistical error we have performed a bootstrap analysis.

_ 2 2
0 = 4/ O&at + Osyst.

The total error is:
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Results

Results

preliminary

systematic error
statistical error
combined histogram
combined error

N;iis = 864

tits

A

OxN
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Results

Results

preliminary

systematic error —
statistical error
combined histogram
combined error

Nijis = 864

|

O5sN
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Conclusion

Conclusion

preliminary

@ Sigma terms can be calculated on the lattice via Feynman-Hellman
theorem.

Calculating the mass dependence of the proton is done routinely.

@ Exact functional form becomes more important once derivatives are
calculated.

One can deal with the quark masses without explicitly renormalizing
them.

Systematic uncertaintys are under conntrol.
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