PATH INTEGRALS AT HIGH AND LOW TEMPERATURES:
WIGNER-KIRKWOOD EXPANSION AND LOCAL-TIME REPRESENTATION
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Introduction: Quantum statistical mechanics

Quantum-mechanical Hamiltonian: H = Z] 12M +V(x)

Gibbs operator: e~ PH (8=1/kgT) — Partition function: Z(8) = Tr e—BH

1=1

Feynman-Kac formula: (x| e x,) = f}igg{sz Dx(T) exp {—% foﬁh dt [ED 2 s+ Vi(x )} }

High temperatures: Wigner-Kirkwood expansion
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Low temperatures: Local-time path integral
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Rescaled PI representation: x;, = x,, x — x, + A&, 7 — [Ohs: by
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(A = diag(A1, ..., Ap), \; = \/BR?/M; ... thermal wavelength)
Expand the potential term:
V<m) (Xa) m
Vixo+AE(s) = Vixa) + ) ——=(Ag(s)) (2)

m=+0
= Wigner-Kirkwood expansion:
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with the coefficients Q(my, ..., m,) given by

£(1)=0 Loy
Q = dsy . .. dsn/ DE(5)E™(s1) ... EM(s,) exp | — / dsif (s)
0<s1<...<85,<1 £(0)=0 I 0 ]
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ro (27)7 \ 14+ LOg™ 1+ Log™ 144
where the multiplicative constant has the form: 1/K =T (n + 1 — % | |m1|+"2'+|m"|)

WK expansion of the off-diagonal matrix elements (x| e=PH x,) with a help of the world-
line Green functions of Onofri and Zuk.

One-dimensional system
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Local time quantifies the time that the sample paths in the Feynman PI spend in the

vicinity of an arbitrary point X (assume D = 1):

B
L(X) = /O dr 6(X — (7)) (6)

Change of stochastic variables: x(7) (Feynman PI) = L(x) (Local-time PI)

Start from the field-theoretic PI representation of the resolvent:

1 [ D) )w(%)e b+l
< H+E 7a) = fp¢ —L(y| E+H|0)

Replica trick (n > 0 ... radial field component)

= Local-time path-integral representation
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n(X5)=ny X
/ D) ( / 0 (z)dr — 5) n(@a)na) expi—Aaln(z)]y - (8)

(X )=n-

Action of a radial harmonic oscillator with frequency V' (z):

Xy 2 | .
Aaln(z)] = [~ do [2%77 (2)? + V(x)n(z) %2?2((92)}

e sy 1) = M ﬁi
where n follows i (22 - N+

stochastic process: l l
<+ X_ Xg Xp s
A = (D/2-1)2-1/4 A=-1/4 A= (D211

The obtained relationship between the local-time representation of PI and the radial PI
provides a practical illustration of the Ray-Knight theorem of the stochastic calculus.

Saddle-point approximation

Rescaling n — +/Bn, 8 — oo = Minimize functional (n| H |n) for (n|n) = 1

0

Rayleigh-Ritz variational principle for the ground state

P. Jizba and V. Zatloukal, Local-time representation of path integrals, (2015)
arXiv:1506.00888]

A cknowledgement

This work has been supported by the GACR Grant No. GA14-07983S. V.Z. received
additional support from the CTU in Prague Grant No. SGS13/217/OHK4/3T /14, and
from the DFG Grant: KL 256/54-1.

ETEX TikZposter



