Non-Abelian vortices with a twist
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‘ 1. Introduction |

1.1 Vortices
Abrikosov, Nielsen and Olesen:
¢ = f(r)exp(ind),
f(0) =0, f(r - oc0) =1, topology: winding number
1.2 The theory considered

Bosonic sector of N = 2 supersymmetric SU(2) x U(1) gauge
theory, SU(2) flavor symmetry.

S = fd4:1:£,
1 1
L=——F,F" — —G% G"" + Tr(D,@) DI — (Vi + Va)
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where D, @ = (9, — iA,u0" /2 — iClo®/2)d
Potential

V) = %(Tr OTd — 26)2, Vh = %(Tr OToP)?

Properties of this theory:

e scalar sector of a supersymmetric theory

e possesses many localized solutions (strings, etc.)
o For \; = g7: SUSY

o For )\; = g7: BPS first order equations
Spontaneous symmetry breaking

Let b O
o — 91 1)
(¢2 (05
with this notation:

A A
vi= ot +vtu—20% Vo= (6T6 - ule)? + auleP| |

l.e., vacuum: both ¢, ) normalized to £ and orthogonal
Symmetry breaking pattern:

U(1) x SU(2) x SU(2)global — SU2)cF

where SU(2)r preserves the VEV,
E.g., choosing () = £1: SU(2)op acts as & — VOVT

Color-flavor locking: gauge and color symmetry both broken
spontaneously, SU(2)cr remains unbroken

Topology permits vortex solutions

‘ 2. Vortices in the plane |

Rotationally symmetric Ansatz:

i [ or(r)e™? gy(r)e™PN 10N Ny
CID(:U ) — (gbg(?“)eimlﬁ ¢2<T)€imﬂ9> (0 6@'N19> — (D0<37 )6 a

and (919{14#, Cﬁ} = (.

Symmetries:

e gauge: ® — U(z)®: if UdyUT ¥-indept
o flavor: & — OV if [N, V] =0

An example:

o — <¢1(T)

with real radial functions
Further solutions generated: orientational normal modes

O VOV, Vesu®)

¢2(T)> O = c3(r)

explicitly:
¢ =x4+1+x-n"0", cq=n"c

where x+ = (¢1p + ¢2p)/2.
(Hanany, Tong 2003; Auzzi etal. 2003, Auzzi, Shifman, Yung

2006)

‘ 3. Twisted strings |

3.1 Nontrivial dimensional reduction
Straight string: translation invariance along axis z:
O(zH) = d(z) exp (%Mwaajo‘) ,

Ap(a”) = (Ai(a?), Aala?)),
Cala”) = (CPa)), )
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Decoupling

W2 = —waw® =0

ensures that the equations for ®(z%), C%, A; are unchanged
(i=1,2)

Aa — CL)O(A , Cg — WQCQ

The out-of-plane components satisfy a Gauss-constraint

Solutions equivalent to solving mass deformed theory
e adjoint scalars: out-of-plane gauge field components

ISSP 2015 24 June — 3 July 2015, Erice, Sicily

e Mass matrix — twisting matrix

(Collie, Eto etal., Gorsky etal.)

Gauss constraint for out-of-plane fields (Eto etal. 2011):

1 1 1

D? | SAd + 5C% " | = —dMT + _{C, 00T},
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where C' = A + C%“, planar vortex fields — background.

Physical quantities: energy:

2,3
_|_
EZEBPs+wO4w3/d2$Q,

where Eppg = 27|ny + my + N| (no. of flux quanta), momentum:

P = %wgwg / dsz
Q="Tr [@T@M _ CCD)M} |

and angular momentum
1
J= / s Tr {CDTCD(NM + MN) — 2<I>TC<I>N}

where 0yd = i N .
3.2 Symmetries
The Ansatz |
O(zh) = d(2') exp (%Mwam&>

restricts the symmetries:
e gauge: ® — U(z)®: if U, UT 2*-independent
o flavor: & — OV:if [V, M] =0

V =exp(iMJ),
Noether current:

JM:m&Kz, J@ZWQQ,
where M = m" + m%?® = m%?% Here,
Kji =5 Tr | Dy@o®df — a0 D01 |

is the Noether current of flavor symmetry (K, = —J})).

Rotation and translation in z
Symmetries represented nontrivially: compensation

®(z) =Ulx)d(2")V
(Forgacs, Manton, 1980)

Flavor transformations restricted by the Ansatz
e ) dependence: [V, N| =0

e x dependence: |V, M| =0

Simultaneously: if [M, N| =0

Compensate rotations with internal symmetry? If
M, N|#0

rotational symmetry is lost. Cross sections still symmetric.

3.3 The elementary vortex

3.4 Twisting the elementary vortex
Reminder: elementary vortex: & = VoV T:

O =yil+y_nc", cq=n"3

where x+ = (¢1p + ¢2p)/2.

Ansatz for out-of-plane fields: let M = mUsY + m%<,

A=m", C%=(mn)n*+mC(r), m*=m"— (mn)n

yielding one equation
I c% 2.2 2
~(rC’Y = 50 = g3 A(C =) +x2(C+1)] -

Note: m" and parallel part to n%: pure gauge

Q= (m? = (mm)?) (CIIOE =)+ 6 +3)

(see also Collie, Eto etal.)

3.5 Coincident composite vortices

iy [ o1(r) Py (r)eV?
@) = (@(T) ¢2(7“)62'N19> |

Ay =al(r),

Cy = cq(r).
(Auzzi, Shifman, Yung, 2006)
Parameterization: » — oo

$1 — cosa, @9 —sina,
Y1 — —sina, P9 — cos o,
a— N, ¢ — —Nsin(2a), c3~ —Ncos(2a).

Add twist introduce radial functions

M =m% ", m’'=-m’=

3.5.1 Energy, momentum
M:méad, m’ = —m =3 m! + im

Insert Ansatz:

/d%@ — 52/d2xQS+m2/d2me,
/ P’z J = s2wyN / °rQs .

s = 0: no total angular momentum

and

3.5.2 Numerical solutions

For g, = 1: Q%(?LES — fd$2$Qm’5
7 Q QY | Q)
0.4 0 0) 6.283
0.05 0.0249|6.222
0.785398| 3.118 3.591
0.77 0 0 6.507
0.05 0.0243|6.261
0.785398 | 2.966 |3.591
2.33 0 0 6.222
0.05 0.0232 6.211
0.785398 | 2.683 3.586

E{ =4m. a = 0: an elementary vortex, s twist: gauge

3.5.3 Constraints, quadrature
A surprise: numerically A+ =0
e Imposing it is consistent with the field equations

7 a M
AVAL = gi(nAs +1"CL - X")

e Results in a constraint. The constraint and its derivatives give:
/ .
r’CL = —(esn+ N2 )OL + (esx' +iNnns/x7) /4,
e and for the remaining fields:

1
'CL+7°CE — X' =0,

Y'CL £ y°CL +x°CL =0.
where the coefficient functions contain only the background
e A remainder of rotational symmetry
e Reduces the solution of the Gauss equations to quadrature.

‘ 4. Conclusions |

e Static vortices well known

—in the Abelian Higgs model
—in non-Abelian gauge theories
— BPS case (SUSY)

e With multiple fields, twisted strings also possible

e Known for the elementary vortex
e Interesting properties for the composite coincident vortex

— Energy difference sometimes very small
— Momentum in the direction of the string axis
— Rotating and no net angular momentum case
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