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The Embedding Theory

The Einstein’s General Relativity works well for classical physics.
1975 T. Regge and C. Teitelboim - the Embedding Theory is an
alternative way of gravity description.

ya(xµ) : R4 −→ R1,9 (1)

S =

∫
d4x
√
−g

(
− 1

2κ
R+ Lm

)
(2)

gµν(x) = ηab∂µy
a(x)∂νy

b(x) (3)

Regge-Teitelboim equations:

(Gµν − κTµν) baµν = 0 (4)
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Canonical formalism for the Embedding Theory

S = − 1

2κ

∫
d4x
√
−g R, R-T equations: Gµν baµν = 0 (5)

R = gµνRµν , Rµν = ∂ρΓ
ρ
µν − ∂νΓρµρ + ΓρµνΓσρσ − ΓσµρΓ

ρ
νσ (6)

Γµρσ =
1

2
gµν (∂σgνρ + ∂ρgνσ − ∂νgρσ) , gµν = ∂µy

a∂νya (7)

S =

∫
dx0L(ya, ẏa), L =

∫
d3x

1

2

 ẏaBab ẏ
b√

ẏa
3

Π⊥ab ẏb
+

√
ẏa

3

Π⊥ab ẏb B
c
c

 (8)
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Einstein’s constraints

πa =
δL

δẏa
= Babn

b − 1

2
na

(
ncB

cdnd −Bc
c

)
(9)

Here na ‖W 4, na⊥W 3

na =
√
g00

3

Π⊥
a
b ∂0y

b =

3

Π⊥
a
b ∂0y

b√
∂0yc

3

Π⊥cd ∂0yd
(10)

nµG
µν ≈ 0 <=>

H0 =
1

2

(
ncB

cdnd −Bc
c

)
≈ 0, Hi = −2

√
−3
g

3

Dk

(
Lik,lm

3

balm na

)
≈ 0(11)

πa ≈ Babnb (12)
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Partial gauge fixing
It is helpful to consider conventional embedding theory with an
additional coordinate condition (gauge fixing)

y0(xµ) = x0 (13)

S =

∫
dx

1

2

 ẏA BAB ẏB√
1 + ẏA

3

Π⊥AB ẏB
+

√
1 + ẏA

3

Π⊥AB ẏB BD
D

 , (14)

hereinafter A,B... indexes take values 1,2...9. We have a set of 7
constraints:

Φi = πA
3
eAi ,

H0 =
1

4

√
−3
g

3

b−1 ikA π
AL−1ik,lm

3

b−1 lmB πB −
√
−3
g

3

bAik
3

bDlmηDAL
ik,lm,

Hi = −
√
−3
g

3

Dk

 1√
−3
g

3

b−1 ikA πA
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Constraints
It is convenient to deal with convolution of constraints and arbitrary
functions and to use a linear combination Ψk = Hk + Φi

3
gik instead of

the constraintsHk.{
Ψξ,

3
gik

}
= 0, Ψξ =

∫
d3x(Hk + Φi

3
gik)ξk (15)

The constraints Ψk generate transformations which are an isometric
bending of the surfaceW 3.

Now we have a set of constraints: Φξ,H0
ξ , Ψξ

H =

∫
d3x

(
πAẏ

A − L
)

=

=

∫
d3x

1

2

√
1 + ẏA

3

Π⊥AB ẏB

 ẏA BAB ẏB(√
1 + ẏA

3

Π⊥AB ẏB
)2 −B

D
D

 ≈ 0(16)
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Constraint algebra

After a tedious calculation we get the exact form of the first-class
constraint algebra:{

Φξ,H0
ζ

}
= −

∫
d3xH0ξi∂iζ

{Φξ,Φζ} = −
∫
d3x Φk

(
ξi

3

Diζ
k − ζi

3

Diξ
k

)
{Φξ,Ψζ} = −

∫
d3x Ψk

(
ξi

3

Diζk + ζi
3

Dkξ
i

)
{Ψζ ,Ψξ} =

∫
d3x

(
−ΨlrξA

3

Dlr
A
ζ

)
− (ζ ↔ ξ)

{
Ψξ,H0

ζ

}
=

∫
d3x Ψp

3

Dp

(
πBB̂C

Br
ξ
Cζ
)
− 2

∫
d3xB̂C

Bπ
BΨtζ

(
3

Dtr
ξ
C

)
{
H0
ξ ,H0

ζ

}
= −

∫
d3xHlξ

3

Dlζ−
∫
d3xΨkB̂BAπ

Bξ
3

Dk

(
B̂A
Cπ

Cξ
)
−(ξ ↔ ζ)
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Another approach to the problem

Fix the gauge by introducing it as an additional condition
χ = y0 − x0 ≈ 0.{

Ψ4, χ
}

=

∫
d3x

δπaw
a

δπb

δ

δyb
(y0 − x0) = w0 6= 0. (18)

We express a pair of variables y0 = x0, π0.
Eight constraints of Regge-Teitelboim formulation of gravity turn
into seven constraints of the formulation with a partial gauge
fixing, so does the constraint algebra.

This suggests that in the case of the imposition of additional
Einstein’s constraints, canonical formalism of the theory with respect
to the time of the ambient space (i.e., the partial gauge fixing in
action) is equivalent to the canonical description of the theory with
respect to the time of the surface.
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Results

Canonical formalism Regge-Teitelboim formulation of gravity
with partial gauge fixing that matches time of the surface and
time of the space has been build.
The exact form of the first-class constraint algebra for embedding
theory with partial gauge fixing has been obtained.
The constraint algebra for embedding theory with partial gauge
fixing has been compared with one obtained without it.
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Plans: The Splitting Theory

The Splitting Theory formulates gravity as a theory of the field zM (ya)
in the flat ambient space, M=1...6.

zM (ya) = const (19)

Motivation: other interactions was successfully quantized as a field
theories in a flat space.

Many 4-dimensional surfaces, each describes dynamics of
3-dimensional surfaces in the flat ambient space R1,N−1.
The surfaces pass through each point of R1,N−1 space.
The surfaces neither intersect nor interact.
All disturbances propagate along the surfaces.
Geometry of the surfaces corresponds to the solution of R-T
equations Gab bMab = 0.
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For more detailes see: arXiv:1111.1104,
arXiv:1003.0172

Thank you for your attention!
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